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Abstract. The Lorentz boost entails relative velocity to be ternary: ternary rela-
tive velocity is a velocity of a body with respect to an interior observeras seenby
a preferred exterior observer. The Lorentz boosts imply not associative addition
of ternary relative velocities. New concepts are introduced: Lorentz-group-free
binary relative velocities with associative addition, and the Lorentz-group-free
boost. Observer-independence, and the Lorentz-invariance, are distinct concepts.
This suggest the possibility of formulating many-body relativistic dynamics with-
out Lorentz/Poincare invariance.
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1. The addition of Einstein’s velocities is not associative

The following identity holds for three arbitrary vectors in arbitrary dimensions: for the Grass-
mann’s wedge product and inner product acting as the graded derivation of the Grassmann
algebra,

w · (v∧u) = (w ·v)u− (w ·u)v (= w× (u×v)). (1.1)

On the right of (1.1) there is the double Gibbs’s cross product of vectors that is orientation-
dependent. However we prefer the orientation-independent Grassmann’s exterior product,v∧
u is a bi-vector, than the Gibbs’s cross internal product, for two reasons. Firstly, in dimensions
6= three, Gibbs’s product needs the extra explication, like in [Plebański and Przanowski 1988],
and, secondly, because of this superfluous orientation-dependence. The Gibbs’s product will
be not used in the present paper.

The Heaviside-FitzGerald-Lorentz scalar factor is denoted by

γv ≡
1√

1− v2

c2

,
γv

γv +1
=

1

1+
√

1− v2

c2

. (1.2)

Sometimes for simplicity of formulas the light velocity is setc2 = 1. In particular (1.1) gives

u · v∧u
c2 =

u ·v
c2 u−

(
1− 1

γ2
u

)
v. (1.3)

1.1 Definition (Isometric relative velocity). Let P,Q,R be time-like vectors. The space-like
velocity v of a bodyR relative toQ is said to beisometric, or ternary, if it is defined in terms
of the isometric Lorentz boost,BP∧vQ = R, whereBP∧v ∈O(1,3).

The above definition is motivated by the following theorem. For the massive three-body
system given in terms of the three time-like vectors{P,Q,R}, the Lorentz-boost-link equation
for unknown space-like velocityv, BP∧vQ = R, has the unique solution,v = v(P,Q,R), see
Section 3. Thisternaryvelocity-solution is reciprocal,v(P,Q,R) =−v(P,R,Q).

The principal aim of the present note is to introduce the binary relative velocity-
morphism that cannot parameterize the isometric Lorentz transformation.

In 1905 Albert Einstein introduced relativity of simultaneity, and derived the addition
of relative velocities parameterized the isometric Lorentz transformations. The⊕-addition of
such Einstein’s isometric velocities reads as follows [Fock 1955, 1961§16, formula (16.08)]

v⊕u =
u+v

1+v ·u
+

γu

(γu +1)
u · (v∧u)
(1+v ·u)

(1.4)

=
γu u+v

γu(1+v ·u)
+

γu

(γu +1)
(v ·u) u

(1+v ·u)
=⇒ γv⊕u = γv γu(1−v ·u−1). (1.5)

The above two versions of the law of addition, (1.4) and (1.5), are related by the identity
(1.1)-(1.3). The first version (1.4) is convenient for the particular case of addition of collinear
isometric relative velocities,i.e.for v∧u = 0. The second version (1.5) is convenient for the
particular case of the addition of perpendicular isometric relative velocities,

v ·u = 0 =⇒ v⊕u = u+
v
γu

. (1.6)
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In the limit to absolute simultaneity (absolute = observer-free),⊕-addition becomes the
Galilean-Newtonian(+)-addition of relative velocities. Formally(+)-addition is an abelian
group, and the set of all relative velocities become vectors of a linear algebra.

Here are three deficient properties of the⊕-addition of isometric relative velocities (1.4)-
(1.5) [Einstein 1905; Fock 1955, 1961].

(i) The⊕-inverse is the reciprocal velocity,u−1 =−u, as in the case of absolute time:

v⊕u = 0 ⇐⇒ v+u = 0, that is: ⊕−inverse= (+)− inverse. (1.7)

(ii) The coincidence of the Galilean(+)-inverse and the Einstein⊕-inverse, gives the Mocanu
paradox [Mocanu 1985, 1986]:⊕-inverse is⊕-automorphism,

(v⊕u)−1 = (v−1)⊕ (u−1) 6= (u−1)⊕ (v−1). (1.8)

Whereas one would expect that the unary inverse operation is ananti-automorphism,
( f ◦g)−1 = (g−1)◦ ( f−1).

Figure 1. Addition of reciprocal relative velocities
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(iii) In 1988 Ungar discovered that the⊕-addition is not associative [Ungar 1988, p. 71].
Indeed, one can calculate for the two alternative bracketing:

γw⊕(v⊕u)

γwγvγu
= 1+u ·v+v ·w+w ·u+

(w∧u) · (u∧v)
1+

√
1−u2

,

γ(w⊕v)⊕u

γwγvγu
= 1+u ·v+v ·w+w ·u+

(w∧v) · (v∧u)
1+

√
1−v2

, (1.9)

{w⊕ (v⊕u)} ∧ {(w⊕v)⊕u}= A(w∧v)+B(v∧u)+C(u∧w) 6= 0. (1.10)

Thus not only are these two resulting relative velocities not parallel (1.10), but also their
differ in their scalar magnitude.

1.2 Note.An analysis of the derivation of the Lorentz group as the group of transformations
relating observers, and the velocity⊕-addition (1.4)-(1.5) in [Einstein 1905] reveals that the
inverse property (1.7) is a tacit assumption used effectively as an axiom and is not derived from
Einstein’s two postulates. The reciprocity axiom (1.7) tells that every observer measuring some
velocity can measure also inverse of this velocity. It is however true that the property (1.7) is
necessary for the derivation of the Lorentz group as the one that relates two observers:

{⊕-inverse =(+)-inverse} ⇐⇒ Lorentz group relating observers.
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1.3 Note.We want to call attention to the fact that the reciprocity property (1.7) does not agree
with the relativity of proper-time. Bodies mutually moved must possess different simultaneous
relations, therefore the velocityu and his inverseu−1 are each tangent to a different instanta-
neous space and these two spaces are not parallel. Equivalently,u andu−1, are in the kernels
of the different proper-time differential forms. It its true that|u−1|= |u|, however an observer
measuring a space-like velocityu cannot see (spacetime direction of)her/hisvelocity rela-
tive to observed body. That is she/he can not measure (the spacetime direction of) the inverse
velocityu−1.

1.4 Note.Being not associative, the Einstein addition is not a group operation. Not associative
⊕-addition is counterintuitive and paradoxical: for a system of four or more bodies the⊕-
addition of three not parallel velocities gives thetwo distinct velocities between two bodies.
There have been attempts [Ungar 2001] to explain the not-associativity and Mocanu paradoxes
as the Thomas rotation (Thomas in 1926),i.e.as not transitivity of the parallelism of the spatial
frames. We consider this attempt not satisfactory. Jackson [1962] argued that the Thomas
rotation isnecessaryin order to explain factor ‘2’ in the doublet separation for spin-orbit
interaction. Einstein was surprised that Thomas’s relativistic ‘correction’ could give factor ‘2’.
Dirac in 1928 explained the same factor and the correct spin levels in terms of the Clifford
algebra and the Dirac equation, without invoking the Thomas rotation. The Dirac equation
conceptually ought to be understood in terms of the Clifford algebra alone. No longer did
anyone need Thomas’s precession except for the not associative⊕-addition of velocities.

Herein we propose to formulate the physics of relativity in terms of the category of
observers with binary relative velocities-morphisms that can not parameterize the isometric
Lorentz transformations. These Lorentz-group-free binary relative velocities possess the as-
sociative◦-addition, see Tables 1-2. This associative◦-addition is a trivial corollary that fol-
lows from two related new concepts: the binary relative velocity is a categorical morphism,
and a new, not isometric boost, that is Lorentz-group-free. In the consequence a bivector,
u∧ (u−1) 6= 0, does not vanish. The◦-inverse velocityu−1 is given by an isometric Lorentz
boost of the Galilean inverse−u [Matolcsi 1993 1.3.7, 1.3.8, 4.2.8; 2001 page 91; Bini et al.
1995 page 2551, formula (2.3)].

Table 1. How do you add relative velocities?

Galilean
binary velocities

Einstein
ternary velocities

categorical
Lorentz-group-free
binary velocities

Associative Not associative Associative

The absolute zero/neutral velocity
observer-independent

Zero velocity is
observer-dependent

The same absolute
reciprocal inverse

Not Galilean inverse
observer-dependent

Abelian group
Loop =

unital quasigroup
Groupoid category

Velocity is a morphism
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Table 2. What it is the categorical, Lorentz-group-free relativity?

Einstein’s relativity
imply Lorentzgroup

Lorentz-group-free relativity
is groupoidcategory

Transformations
among observers

Lorentz group Not isometry

Addition
of relative velocities

Not associative
Associative.

Binary velocity is a morphism

2. Notation and terminology

In the followingF denotes anR-algebra of scalar fields on space-time, and derF denotes a
Lie F -module ofR-derivations of a ringF . Moreoverg stands for a tensor field of Lorentzian
metric with signature(−+++), and will be considered asF -module map:

(derF )
g∗=g−−−−−−→ (derF )∗. (2.1)

The names, ‘velocity’ and ‘relative velocity’, are used exclusively for boundedspace-
like vector fields∈ derF . A set/category of all velocities is denoted by

V≡ {v ∈ derF |0≤ v2 < c2}. (2.2)

All space-like velocities are denoted by lowercase bold roman charactersu,v,w, . . . ∈ V. The
assumption that exists the finite limiting velocity,i.e.(γv)2

(
1− v2

c2

)
≡ 1, can bederivedas the

corollary of a categorical approach to the velocity as a categorical morphism.
The termsobserver, observed, body, laboratory,are used here as synonymous and exclu-

sively for the time-like future-directed and normalized vector fields∈ derF . The set/category
of all observers/observed is denoted byϖ , objϖ ≡ {P∈ derF |P2 =−1∈F}. Objects of this
category, that here are synonyms for massive bodies and particles, are denoted by uppercase
lettersP,Q,R,S, . . . ∈ objϖ . The main subject of this note is addition of thespace-like veloci-
ties. For this reason a phrase ‘4-velocity’, a synonym for our observer and observed∈ objϖ ,
will be avoided as confusing.

For an observerP and a velocityv, the conditionP·v = 0 is interpreted as necessary and
sufficient for observingv by P. In the Einstein-Fock formula (1.5) it is understood implicitly
that the velocitiesu andv are space-like and can be measured by time-like preferred observer
P∈ derF , P2 =−1, who is orthogonal to them,P·u = P·v = 0.

Let a space-like velocityu ∈V, be a velocity of a bodyQ relative to an observerP. Then
we display this velocityu as an actual categorical arrow (morphism) which starts/outgoes at
observerP (P is a node of the directed graph), and ends/ingoes at an observed bodyQ,
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. . . // P

u
**

Q
u−1jj

// . . . ;
(
Q = P ⇐⇒ u = 0 = u−1) , (2.3)

observer ofu = P, observed body withu = Q,

observed body withu−1 = P, observer ofu−1 = Q.

3. Lorentz boost needs preferred exterior observer

The group of rotationsO(3) is not normal subgroup of the Lorentz groupO(3,1). Therefore
there is no natural decomposition of the Lorentz transformation as a composition of a rota-
tion and a boost. Every such decomposition,O(3,1) 3 L = Rotation◦Boost, depends on an
auxiliary choice of a preferred time-like observerP.

Let P be an observer andv be a space-like velocity such thatP ·v = 0. Let us define the
F -module endomorphismsBP∧v ∈EndF (derF ) as the polynomial in the following trace-less
operatorMP∧v,

v≡ γv
v
c
, MP∧v ≡ P⊗F (gv)−v⊗F (gP) ∈ EndF (derF ), (3.1)

BP∧v ≡ id+MP∧v +

(
MP∧v

)2

γv +1
(3.2)

=⇒ BP∧v ◦B−P∧v = id = B−P∧v ◦BP∧v, BP∧v P = γv

(v
c

+P
)

. (3.3)

The endomorphismBP∧v leaves invariant the space-likeP-dependent 2-plane (no rotation!).
MoreoverBP∧v is ag-isometry,BP∧v ∈Og = O(3,1). Thus an endomorphismBP∧v is a Lorentz
P-boost.

For a given Lorentz transformationL ∈Og and a given preferred (exterior) observerP, a
LorentzP-boostBP∧PL is given by (3.3) whereMP∧v must be replaced by

MP∧LP ≡ P⊗gLP− (LP)⊗gP, (3.4)

and the scalar Lorentz factorγv must be replaced by−(LP) ·P. Then aP-rotation is given by
RP

L ≡ (BP∧LP)−1◦L. One can check thatRP
LP = P.

The aboveP-decomposition of the Lorentz transformationL ∈ Og, as a composition of
theP-rotation and aP-boost,L = BP∧LP◦RP

L, one can apply for the composition of two Lorentz
P-boosts3

BP∧u ◦BP∧v = BP∧v⊕Pu ◦RP(u,v) ∈ SO(1,3). (3.5)

The composition of the LorentzP-boosts is not a LorentzP-boost, it is aP-boostup to the
Thomas/WignerP-rotationRP(u,v) ∈ SO(3).

The discussion of Lorentz boost commonly suppresses the observer-dependence, sug-
gesting incorrectly that the LorentzP-boostBP∧v is completely fixed by ‘a velocity parameter
v’, e.g. [Jackson 1962§11, Ungar 2001 p. 254].

3 Added after publishing. In published text there is a misprint in the definition of the⊕-addition (3.5)-(5.1),
the order is reversed. This misprint is corrected here.
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4. Categorical boost is Lorentz-group-free

In this Section we define observer-independent boostbu that appears to be not ag-isometry.

4.1 Axiom (Binary relative velocity). Let P ·u = 0, P2 = −1 andu2 < c2. Then, andonly
then,∃ ! body Q = buP≡ γu(u

c + P) moving with a velocityu relative to P. The space-like

relative velocityu is said to bebinary, u
c ≡

ϖ(P,Q)
c = Q

−Q·P−P. Corollary: γu =−Q·P.

Binary velocity is not reciprocal,

ϖ(P,K)
c

≡ K
−P·K

−P 6= −ϖ(K,P)
c

. (4.1)

Therefore binary velocity can not parameterize the isometry, where

{B(v)}−1 = B(−v) ∈O(1,3). (4.2)

Clearly (buP)2 = P2 = −1. Above Axiom implies that,Q · u = γu − 1
γu

. This Axiom
motivates the following two diagrammatical rules for outgoing and ingoing arrows/velocities,

P
u−−−→ . . . ‘out’ if and only if P·u = 0, (4.3)

. . .
u−−−→ Q ‘in’ if and only if Q·u = γu− 1

γu
≡ u2

√
1−u2 . (4.4)

A body Q can possess an ingoing velocityu if and only if Q · u = γu− 1
γu

. Then, and only

then, the unique laboratoryP = (bu)−1Q = Q
γu
−u, exists, such that a bodyQ is moving with a

velocityu relativeto P.
In contrast to the Lorentz boostBP∧u, (3.3), whose domain is the entireF -module

derF , the domain of thisnewcategorical boostbu is not-linear two-dimensional sub-manifold
of time-like normalized massive bodies that actually can measure the given space-like velocity
u ∈ V,

domain{BP∧v}= derF
dimF−−−→ 4,

domain{bu}= {X ∈ derF |X2 =−1,X ·u = 0}
dimF−−−→ 2.

The exterior-observer-independent categorical boostb coincide with the LorentzP-boost
BP (3.3) when acting on preferred observer only

Q·u = P·u = 0 =⇒ bu Q =

{
BP∧u Q = γu(u+Q), iff Q = P,

6= BP∧uQ, iff Q 6= P.
(4.5)

An observer-independent boostbu is not g-isometry. LetQ2 = R2 = −1, Q · u = R· u = 0,
andγQ

R
≡−Q ·R. Then(buQ) · (buR)−Q ·R=−(γQ

R
−1)(γ2

u −1). The observer-independent
categorical boostbu, is said also to be Lorentz-group-free.

The relativity theory with non-isometric boosts{bu}, do not violate the Lorentz invari-
ance or Lorentz covariance. The concept of Lorentz invariance is not applicable.
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Figure 2. Three body,{P,K,L}, in relative motions

P
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5. Associative addition of velocities

Consider a system of three bodiesP,K andL, Figure 2. A bodyL is moving with a velocityv
relative to a bodyK, andK is moving with a velocityu relative to an observerP. What is the
velocity ofL relative toP?

We abbreviate ‘the Lorentz-group-free addition of velocities’ (which appears to be asso-
ciative) to◦-addition. One way to introduce◦-addition is to consider the Lorentz-group-free
boostb as an isomorphism from the composition of velocities-morphisms to composition of
boosts/maps,

O(3,1) 63 bv◦u ≡ bv ◦bu whereas BP∧v⊕Pu 6= BP∧u ◦BP∧v ∈O(3,1), (5.1)

P·u = 0 =⇒ buP = γu(u+P),
P·u = 0, (buP) ·v = 0 =⇒ bv(buP) = γv(v+ γuu+ γuP),

P· (v◦u) = 0 =⇒ bv◦uP = γv◦u(v◦u+P),

=⇒ v◦P u =
γv

γv◦u
(v+ γuu+ γuP)−P. (5.2)

The scalar product of the vectorP with formula (5.2), and jointly with Lemma 5.3 below,
gives

γv◦u = γv

(
γu +

v ·u
c2

)
= γvγu

(
1− v ·u−1

c2

)
, (5.3)

c2 = 1 =⇒ v⊕c = v◦c = c and (c⊕v)2 = (c◦v)2 = 1. (5.4)

Note that the space-like vectors possess the Euclidean angle if and only if they have the same
time-like source. For example, see Figure 2,K is the source forv andu−1, K ·v = 0= K ·u−1.
In Figure 2 and in Table 3,P·v =−v ·u = γu v ·u−1, see Lemma 5.3 below.

For comparison the second line in Table 3 is again non-associative⊕-addition (1.5),
which can be presented in the form analogous to (5.2),

γv⊕u v⊕u = γvv+(γv⊕u + γv)
γuu

γu +1
. (5.5)

5.1 Warning. Reader must not misleads by short notation in Tables 3-4. In the first row for
associative◦-addition, all relative velocities are binary,i.e.v ≡ ϖ(K,L) andu ≡ ϖ(P,K), as
is exactly shown on Figure 2. Contrary to this, in the second row for the non-associative⊕-
addition, the same letters,u andv, denotes the isometric ternary relative velocities,i.e.there
u = u(S,P,K) and v = v(S,K,L), where the preferred exterior time-like observerS can be
chosen arbitrarily, and this exterior observerS is not shown on Figures 1-2. The isometric
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Table 3. The associative◦-addition versus not associative⊕-addition. The addition of orthogonal
relative velocities,v ·u−1 = 0, looks ‘the same’ for binary and ternary relative velocities.

Binary velocities

P·u = 0, K ·v = 0, u−1 6=−u, v−1 6=−v =⇒

(1− v·u−1

c2 ) v◦u = u+
v
γu

+
v ·u−1

c
P

Reciprocal ternary velocities

P·u = 0, P·v = 0, u−1 =−u, v−1 =−v =⇒

(1− v·u−1

c2 ) v⊕P u = u+
v
γu
− (v ·u−1)

c2

γu

(γu +1)
u

ternary relative velocity (parameterizing the Lorentz boost) looks like the kind of ‘subtraction’
of binary velocities,

u(S,P,K)
c

=
S· (P+K){(S·K)ϖ(S,K)− (S·P)ϖ(S,P)}

(S·P)2 +(S·K)2−1−P·K
, (5.6)

−K ·P = (S·K)(S·P)
{

1− ϖ(S,K) ·ϖ(S,P)
c2

}
, (5.7)

(S∧P∧K)2 = (S·P)2 +(S·K)2−1− (S·P)2(S·K)2
{

1− (ϖ(S,K) ·ϖ(S,P))2

c4

}
. (5.8)

Proof. The last identity, (5.8), follows from the following determinant,

(P∧R∧S)2 = det

 P2 P·R P·S
R·P R2 R·S
S·P S·R S2


= P2R2S2 +2(P·R)(R·S)(S·P)−S2(P·R)2−P2(R·S)2−R2(P·S)2.

The expression for non-associative⊕-addition is independent of the choice of the ex-
terior observerS, the same formula holds if instead ofP ·u = 0 = P · v, we will assume that
S·u = 0 = S· v, for completely arbitrary exterior observerS. Even if we made the particular
choiceS= P, as was done in the second rows in Tables 3-4, this does not means that the let-
teru in the first row and in the second row denotes exactly the same physical relative velocity,
because the inverse is different. The binary velocityu in the first row of Tables 3-4 isnotskew-
symmetric function of his arguments,u = ϖ(P,K) 6=−ϖ(K,P). Whereas the ternary isometric
velocity in the second row means always the reciprocal velocity,u(S,P,K) =−u(S,K,P), and
this must hold also forS= P, u(P,P,K) =−u(P,K,P). Therefore conceptually, the Einstein’s
relative velocity parameterizing the isometric Lorentz boost is not the same as the binary rela-
tive velocity-morphism,u(P,P,K) 6= ϖ(P,K), even if numerically these expressions sometimes
coincide.

All this means that the notation for the Heaviside-FitzGerald-Lorentz scalar factor,γu,
must not be identified in both rows in Tables 3-4. In the first rowsγu ≡−P·K, whereas in the
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second rows this factor depends also on exterior observerS,

γternary=
(S·P)2 +(S·K)2−P·K−1

2(S·P)(S·K)+P·K +1
6= −P·K = γbinary. (5.9)

Elsewhere we proved Theorem: the magnitudes of the binary and ternary relative velocities
coincide,γ(binary) = γ(ternary), if and only if (S∧P∧K)2 = 0.

The associative◦-addition of relative binary velocities appears in Thesis [Świerk 1988].
Matolcsi [1993,§4.3], and Bini et al. [1995], derived the addition of relative binary veloc-
ities without observing the associativity, and without comparing with addition of Einstein’s
ternary reciprocal velocities (1.4)-(1.5). The Matolcsi’s form need the following substitution
into expression for the compositionv◦P u,

−u2

c
P = u+

u−1

γu
. (5.10)

5.2 Proposition (Inverse velocity).A category of massive bodies is a groupoid category and
therefore every body has his own separate zero velocity, i.e.v andv−1 ‘do not commute’,

0observed= v◦v−1 6= v−1◦v = 0observer.

The◦-inverse of the binary relative velocity depends on the choice of the internal ob-
server,v−1 = v−1(v,P), and possess the following properties:

v−1 =−BP∧v v =⇒ |v−1|= |v|, v−1 ·v =− v2
√

1−v2
, (5.11)

(v+v−1)2 =−2(γv +1)
(

1− 1
γv

)2
≈

{
−(v)4 for |v|<< 1,

− 2γv for |v| → 1.
(5.12)

Proof. Matolcsi observed the equalityv−1 = {v(K,L)}−1 = v(L,K) =−BK∧L v(K,L), where
the particular Lorentz boost is parameterized in terms of the initialK, and the finalL, time-like
vectors only [Matolcsi 1993 1.3.7, 1.3.8, 4.2.3; 2001 page 91]. See also [Bini, Carini and
Jantzen 1995 formula (2.3)]. It was first admitted by Fahnline [1982, formulas (15)-(16)-(18)]
that such ‘binary’ boost,BK∧L, is not unique. The most general ternary boost as the complete
solution of the Lorentz-boost-problem was given in [Oziewicz 2005, unpublished]. We have

K∧L = K∧v, and v−1 =−BK∧v v =−γv−c

(
γ− 1

γ

)
K. (5.13)

5.3 Lemma (Scalar identity for three-body-system).Consider three-body-system inFigure
2, with binary relative velocities. Then,v ·u =−γu v ·u−1. Hence,γv◦u = γvγu(1−v ·u−1).

Proof. By Proposition 5.2,u−1 =−BP∧u u. Definition (3.2) or (5.13), gives

BP∧u u = γu u + c
γ2
u−1
γu

P. (5.14)

Moreover,v ·K = 0, imply that,v ·P =−v ·u. All together leads to,v ·u−1 =− 1
γu

v ·u.
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6. Three body system: collinear motion without Lorentz transformations

6.1 Lemma (Three body system).Consider three body massive system,Figure 2, with bi-
nary relative velocities only (no exterior observer). One can verify the following circularly-
permuted identities,

u∧v−1∧ (v◦u) = u−1∧v∧ (v◦u)−1,

u∧v−1∧ (v◦u)−1 = u−1∧v∧ (v◦u), (6.1)

γv◦u
1
c(v◦u)∧u∧v = (v ·u−1) P∧K∧L ,

γv
1
cv∧ (v◦u)∧u−1 = (u · (v◦u)) P∧K∧L ,

γu
1
cu∧v−1∧ (v◦u) = (v−1 · (v◦u)−1) P∧K∧L . (6.2)

6.2 Definition (Collinear motion for binary velocities-morphisms). A massive three body
system{P,K,L}, Figure 2, is said to be in collinear motion if and only ifP∧K∧L = 0.

The above Definition need no choice of the exterior preferred observer.
The above Definition 6.2 has the following motivation. To be the true three body system

we must assume thatP∧K 6= 0, K∧L 6= 0 andL∧P 6= 0. We must treat every massive body on
Figure 2, with binary relative velocities only (no exterior observer), on equal footing. A priori
collinearity seen by each body separately amounts to different condition.

Seen byP : the motion is collinear if and only if,u∧ (v◦u) = 0.

Seen byK : the motion is collinear if and only if the relative velocityv and inverseu−1 seen
by K, are collinear,v∧u−1 = 0.

Seen byL : the motion is collinear if and only if,v−1∧ (v◦u)−1 = 0.

Lemma 6.1 tells thatall three the above conditions jointly imply necessarily the vanishing of
the tri-vectorP∧K ∧L = 0. One can ask: does exists the collinear motion forP∧K ∧L 6= 0
? Supposing thatP∧K ∧L 6= 0 and the collinear motion as seen by any one of these bodies
separately, we will arrive to contradiction that at least one of the bi-vectors,{P∧K,K∧L,L∧
P}, must vanish. Therefore the Definition 6.2 is the only possibility.

Conversely Definition 6.2 imply the collinear motion for each observer separately.
Namely

P∧K∧L = 0 =⇒ (γ2
u−1)L = γvγu

v ·u−1

c2 P+ γv

(
γ

2
u−1− γ

2
u

v ·u−1

c2

)
K (6.3)

=⇒ v∧u−1 = 0, etc. (6.4)

For the case of non-collinear motion, the composed velocityv◦u, needs to be the linear
combination ofthreebinary velocities,u,v and inverseu−1 [Świerk 1988, Matolcsi 1993]. In
the case of the collinear motion, the composed velocityv ◦u, must be linear combination of
two velocities,{u,v} or {u,v−1} or {v,u−1}, only. For example, for some scalars,a andb,
v◦u = au+bv. HoweverP·v = γu v ·u−1 6= 0, andb = 0. Thereforev◦u = au, and

u∧ (v◦u) = 0 ⇐⇒ c2(γ2
u−1)v◦u = γ

2
u(u · (v◦u)) u. (6.5)
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This addition of collinearbinary velocities (6.5) looks different from addition of collinear
ternaryvelocities (1.4) [Einstein 1905],

u∧v = 0 =⇒ v⊕u =
u+v

1+ v·u
c2

. (6.6)

One can arrive to explicit form of addition using identity (1.1) foru−1 · (v∧u−1), with
substitution (5.10),

(γ2
u−1)

(
1− v ·u−1

c2

)
v◦u =

(
γ

2
u−1− γ

2
u

v ·u−1

c2

)
u− γuu−1 · (v∧u−1)

c2 , (6.7)

v ·u−1

c2 =±
√

(γ2
u−1)(γ2

v −1)
γuγv

. If P = K then v◦0P = v = 0L ◦v. (6.8)

In particular for collinear binary velocitiesv∧u−1 = 0, the last term in (6.7) vanishes, and we
have

lim
γu−→∞

(v◦u) = u. (6.9)

Table 4. The associative◦-addition versus not associative⊕-addition. The addition of collinear relative
velocities,v∧u−1 = 0, looks different for binary versus ternary relative velocities.

Binary velocities

P·u = 0, K ·v = 0, u−1 6=−u, v−1 6=−v =⇒

(γ2
u−1)

(
1− v·u−1

c2

)
v◦u =

{
γ2
u

(
1− v·u−1

c2

)
−1

}
u− γu u−1 · (v∧u−1)

c2

Reciprocal ternary velocities

P·u = 0, P·v = 0, u−1 =−u, v−1 =−v =⇒(
1− v·u−1

c2

)
v⊕u = u + v + γu

γu+1 u−1 · (v∧u−1)
c2

The two versions of the law of addition, Table 3 and Table 4, are related by the identity
(1.1)-(1.3).

7. Aberration of light

Abberation of light in terms of the Lorentz transformation was considered among other by
Jackson [1962, 1975§11.3d]. Gjurchinovski [2006] derived the same aberration as Jackson
with ‘no use of Lorentz transformation’, however using the Lorentz contraction, that is equiv-
alent to the Lorentz transformation.
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Abberation of light in terms of the binary not reciprocal relative velocity was considered
by Matolcsi [1993§4.7]. Let in Figure 2L be light-like,L2 = 0. The space-like light velocity
relative to observerP is

cP

c
≡ L
−L ·P

−P =⇒
(cP

c

)2
= 1. (7.1)

Therefore the magnitude of the light speed is observer-independent, for every non-inertial
observer.

The most of textbooks teach that ‘all inertial observers measure the same speed of light’,
cf. also with [Matolcsi 1993,§4.7.2; Dvoeglazov & Quintanar González 2006, Conclusions].
Such statement could suggest that non-inertial observers would measure observer-dependent
speed of light. Corrolary 7.1 is stronger: categorical relativity predict that speed of light is in-
dependent ofarbitrary observer, includingall non-inertial, rotating and accelerating observers.

The direction of the light propagation is observer-dependent,

cP

c
≡ L
−L ·P

−P 6=
cK

c
≡ L
−L ·K

−K. (7.2)

What are the angles between the direction of the light propagation and the relativebinary
velocity as measured by these two massive bodiesP andK ?

cP ·u
c2 =− 1

γu

L ·K
L ·P

+1 = (cosP)

√
γ2−1
γ

,

cK ·u−1

c2 =− 1
γu

L ·P
L ·K

+1 = (cosK)

√
γ2−1
γ

, (7.3)(
1−

cK ·u−1

c2

)(
1−

cP ·u
c2

)
=

1
γ2
u

= 1− u2

c2 , (7.4)

|u|{1+(cosP)(cosK)}= c{(cosP)+(cosK)}. (7.5)

Therefore, ifcP ·u = 0, i.e.cosP = 0, then cosK = |u|
c . For Matolcsi’s expression, [Ma-

tolcsi 1993§4.7.3], one needs the substitution, cosK −→ −cosK, why?
The aberration for ternary isometric reciprocal relative velocityu = u(S,P,K), was de-

rived by Jackson [1962, 1975], and by Gjurchinovski [2006].

13



References

Bini Donato, Paolo Carini and Robert T. Jantzen 1995 Relative observer kinematics in general relativity,
Classical and Quantum Gravity122549–2563
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