How do you add relative velocities?
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Abstract. The Lorentz boost entails relative velocity to be ternary: ternary rela-
tive velocity is a velocity of a body with respect to an interior obseageseerby

a preferred exterior observer. The Lorentz boosts imply not associative addition
of ternary relative velocities. New concepts are introduced: Lorentz-group-free
binary relative velocities with associative addition, and the Lorentz-group-free
boost. Observer-independence, and the Lorentz-invariance, are distinct concepts.
This suggest the possibility of formulating many-body relativistic dynamics with-
out Lorentz/Poincare invariance.
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1. The addition of Einstein’s velocities is not associative

The following identity holds for three arbitrary vectors in arbitrary dimensions: for the Grass-
mann’s wedge product and inner product acting as the graded derivation of the Grassmann
algebra,

W-(VAU) = (W-V)u—(W-u)v (=wx (uxv)). (1.1)

On the right of (1.1) there is the double Gibbs’s cross product of vectors that is orientation-
dependent. However we prefer the orientation-independent Grassmann'’s exterior product,

u is a bi-vector, than the Gibbs’s cross internal product, for two reasons. Firstly, in dimensions
= three, Gibbs’s product needs the extra explication, like in [Fiskicand Przanowski 1988],

and, secondly, because of this superfluous orientation-dependence. The Gibbs’s product will
be not used in the present paper.

The Heaviside-FitzGerald-Lorentz scalar factor is denoted by
1 % 1

W= ) = .
Ji-% o kLo v

Sometimes for simplicity of formulas the light velocity is $8t= 1. In particular (1.1) gives
VAU U-V 1

1.1 Definition (Isometric relative velocity). Let P, Q, R be time-like vectors. The space-like
velocity v of a bodyR relative toQ is said to basometric or ternary, if it is defined in terms
of the isometric Lorentz boosB;,,Q = R, whereB;,,,, € O(1,3).

(1.2)

The above definition is motivated by the following theorem. For the massive three-body
system given in terms of the three time-like vectoPsQ, R}, the Lorentz-boost-link equation
for unknown space-like velocity, B,,,Q = R, has the unique solutiowv, = v(P,Q,R), see
Section 3. Thigernaryvelocity-solution is reciprocal{(P,Q,R) = —v(P,R Q).

The principal aim of the present note is to introduce the binary relative velocity-
morphism that canot parameterize the isometric Lorentz transformation.

In 1905 Albert Einstein introduced relativity of simultaneity, and derived the addition
of relative velocities parameterized the isometric Lorentz transformations&Tdudition of
such Einstein’s isometric velocities reads as follows [Fock 1955, $261formula (16.08)]

u-+v Tw U-(VAU)

VU= —— 14
TV T (fu+1) (14+v-u) (1.4)
u-+v v-u)u _

-1 + o (v-u) = Feu=%N(l1-Vv-U Y. (1.5)

C w(@4veu) (+1) (A+veu)

The above two versions of the law of addition, (1.4) and (1.5), are related by the identity
(1.1)-(1.3). The first version (1.4) is convenient for the particular case of addition of collinear
isometric relative velocities,e.for v Au = 0. The second version (1.5) is convenient for the
particular case of the addition of perpendicular isometric relative velocities,

v-u=0 = V@u:u+yl. (1.6)
u



In the limit to absolute simultaneity (absolute = observer-freegddition becomes the
Galilean-Newtoniar{+)-addition of relative velocities. Formallf#+)-addition is an abelian
group, and the set of all relative velocities become vectors of a linear algebra.

Here are three deficient properties of theaddition of isometric relative velocities (1.4)-
(1.5) [Einstein 1905; Fock 1955, 1961].

() Thea-inverse is the reciprocal velocity; * = —u, as in the case of absolute time:

veu=0 <+= v+4+u=0, thatis: & —inverse= (+)—inverse 1.7)

(i) The coincidence of the Galiledn-)-inverse and the Einstein-inverse, gives the Mocanu
paradox [Mocanu 1985, 1986%-inverse isp-automorphism,

veuwt=vhHeul) # uhHev? (1.8)
Whereas one would expect that the unary inverse operation a@automorphism,

(fog)t=(g7Y)o(f™).

Figure 1. Addition of reciprocal relative velocities

veu

(i) In 1988 Ungar discovered that the-addition is not associative [Ungar 1988, p. 71].
Indeed, one can calculate for the two alternative bracketing:

yw@(v@u) (WAU) - (UAV)
——=1+u-v4+v-wW+w-u+ ,
Twh T 14+ +v1—u?
Y(WEBV)@U (WAV)-(VAU)
——— =14U-V+V-W+W-U+ ;
Yot 1+vV1-v?
{wa(veuwl A {(wav)du} =AWAV)+B(VAU)+C(uAw) # 0.  (1.10)

(1.9)

Thus not only are these two resulting relative velocities not parallel (1.10), but also their
differ in their scalar magnitude.

1.2 Note.An analysis of the derivation of the Lorentz group as the group of transformations
relating observers, and the velocityaddition (1.4)-(1.5) in [Einstein 1905] reveals that the
inverse property (1.7) is a tacit assumption used effectively as an axiom and is not derived from
Einstein’s two postulates. The reciprocity axiom (1.7) tells that every observer measuring some
velocity can measure also inverse of this velocity. It is however true that the property (1.7) is
necessary for the derivation of the Lorentz group as the one that relates two observers:

{®-inverse =(+)-inversg <= Lorentz group relating observers.



1.3 Note.We want to call attention to the fact that the reciprocity property (1.7) does not agree
with the relativity of proper-time. Bodies mutually moved must possess different simultaneous
relations, therefore the velocityand his inversei~! are each tangent to a different instanta-
neous space and these two spaces are not parallel. Equivaleatigu—1, are in the kernels

of the different proper-time differential forms. It its true that!| = |u|, however an observer
measuring a space-like velocitycannot see (spacetime direction dfier/hisvelocity rela-

tive to observed body. That is she/he can not measure (the spacetime direction of) the inverse
velocityu=1.

1.4 Note.Being not associative, the Einstein addition is not a group operation. Not associative
@-addition is counterintuitive and paradoxical: for a system of four or more bodiesthe
addition of three not parallel velocities gives ttveo distinct velocities between two bodies.
There have been attempts [Ungar 2001] to explain the not-associativity and Mocanu paradoxes
as the Thomas rotation (Thomas in 192@,as not transitivity of the parallelism of the spatial
frames. We consider this attempt not satisfactory. Jackson [1962] argued that the Thomas
rotation isnecessaryin order to explain factor ‘2’ in the doublet separation for spin-orbit
interaction. Einstein was surprised that Thomas'’s relativistic ‘correction’ could give factor ‘2’.
Dirac in 1928 explained the same factor and the correct spin levels in terms of the Clifford
algebra and the Dirac equation, without invoking the Thomas rotation. The Dirac equation
conceptually ought to be understood in terms of the Clifford algebra alone. No longer did
anyone need Thomas’s precession except for the not associatigelition of velocities.

Herein we propose to formulate the physics of relativity in terms of the category of
observers with binary relative velocities-morphisms that can not parameterize the isometric
Lorentz transformations. These Lorentz-group-free binary relative velocities possess the as-
sociativeo-addition, see Tables 1-2. This associativaddition is a trivial corollary that fol-
lows from two related new concepts: the binary relative velocity is a categorical morphism,
and a new, not isometric boost, that is Lorentz-group-free. In the consequence a bivector,
uA (u™t) # 0, does not vanish. The-inverse velocityu—! is given by an isometric Lorentz
boost of the Galilean inverseu [Matolcsi 1993 1.3.7, 1.3.8, 4.2.8; 2001 page 91; Bini et al.
1995 page 2551, formula (2.3)].

Table 1. How do you add relative velocities?

categorical
Lorentz-group-free
binary velocities

Galilean Einstein
binary velocities  ternary velocities

Associative Not associative Associative
The absolute zero/neutral velocity Zero velocity is
observer-independent observer-dependent
The same absolute Not Galilean inverse
reciprocal inverse observer-dependent
Loop = Groupoid category

Abelian group unital quasigroup  Velocity is a morphism




Table 2. What it is the categorical, Lorentz-group-free relativity?

Einstein’s relativity Lorentz-group-free relativity
imply Lorentzgroup is groupoidcategory
Transformations .
Lorentz group Not isometry
among observers
Addition . Associative.
) " Not associative . . .
of relative velocities Binary velocity is a morphism

2. Notation and terminology
In the following.# denotes ariR-algebra of scalar fields on space-time, andfetenotes a

Lie .#-module ofR-derivations of a ring# . Moreoverg stands for a tensor field of Lorentzian
metric with signatur¢— + ++), and will be considered a%-module map:

(der.7) =9 (der.7)*. (2.1)

The names, ‘velocity’ and ‘relative velocity’, are used exclusively for boursjeate
like vector fieldse der.#. A set/category of all velocities is denoted by

V={vederZ|0<v?<c?}. (2.2)

All space-like velocities are denoted by lowercase bold roman charactens, ... € V. The
assumption that exists the finite limiting velocitg. (%,)? (1— ‘é—§> =1, can bederivedas the
corollary of a categorical approach to the velocity as a categorical morphism.

The termsbserver, observed, body, laboratoaye used here as synonymous and exclu-
sively for the time-like future-directed and normalized vector fieldter.# . The set/category
of all observers/observed is denotedayobjm = {P c der.#|P?> = —1 € .#}. Objects of this
category, that here are synonyms for massive bodies and particles, are denoted by uppercase
lettersP, Q,R, S, ... € obj@. The main subject of this note is addition of thgacelike veloci-
ties For this reason a phrase ‘4-velocity’, a synonym for our observer and obseed,
will be avoided as confusing.

For an observelP and a velocity, the conditionP-v = 0 is interpreted as necessary and
sufficient for observingy by P. In the Einstein-Fock formula (1.5) it is understood implicitly
that the velocities andv are space-like and can be measured by time-like preferred observer
P e der.Z, P2 = —1, who is orthogonal to then®-u = P-v = 0.

Let a space-like velocity € V, be a velocity of a bod{ relative to an observd? Then
we display this velocityu as an actual categorical arrow (morphism) which starts/outgoes at
observelP (P is a node of the directed graph), and ends/ingoes at an observe@body



. P 3 Q — ... (Q=P <<= u=0=u), (2.3
\u__/‘
observer oti =P, observed body withh = Q,
observed body with ™! =P, observer ot = Q.

3. Lorentz boost needs preferred exterior observer

The group of rotation®(3) is not normal subgroup of the Lorentz gro@§3,1). Therefore
there is no natural decomposition of the Lorentz transformation as a composition of a rota-
tion and a boost. Every such decompositi@i3,1) > L = Rotationo Boost depends on an
auxiliary choice of a preferred time-like obsenrer

Let P be an observer andbe a space-like velocity such tHatv = 0. Let us define the
#-module endomorphisni; ,; € End; (der.#) as the polynomial in the following trace-less
operatorM

PAV?
v
V= Ko Mp,y =P®, (QV) -V®, (gP) € End,(ders), (3.1)
2
(Mpyy)
Bpy = id+Mp,g + 2% 3.2
PAV PAV w+1 ' ( )
= BpyyoB py=1d=B pgoBpy BpyP=% <E + P) : (3.3)

The endomorphisnB,, ,; leaves invariant the space-likedependent 2-plane (no rotation!).
MoreoverB;, ; is ag-isometry,B,,; € Og = O(3,1). Thus an endomorphisBy, ,; is a Lorentz
P-boost.

For a given Lorentz transformatidne Oy and a given preferred (exterior) obserta
LorentzP-boostBg 5, is given by (3.3) wherd/,,, must be replaced by

Mpnp =P®@gLP— (LP)®gP (3.4)

and the scalar Lorentz factgy must be replaced by (LP) - P. Then aP-rotation is given by
RC = (Bp, p) toL. One can check th&’P = P.

The aboveP-decomposition of the Lorentz transformatibre Og, as a composition of
theP-rotation and @-boostL = By, po R, one can apply for the composition of two Lorentz
P-boost$

Bru©Bpay = Bpyari © RP(u,v) €S01,3). (3.5)
The composition of the Lorent2-boosts is not a LorentP-boost, it is aP-boostup to the
Thomas/WigneP-rotationRP(u,v) € SQ(3).

The discussion of Lorentz boost commonly suppresses the observer-dependence, sug-
gesting incorrectly that the LorenBzboostB, ,;, is completely fixed by ‘a velocity parameter
V', e.g. [Jackson 196211, Ungar 2001 p. 254].

3 Added after publishing. In published text there is a misprint in the definition ofttizeldition (3.5)-(5.1),
the order is reversed. This misprint is corrected here.
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4. Categorical boost is Lorentz-group-free

In this Section we define observer-independent bbgstat appears to be notgaisometry.

4.1 Axiom (Binary relative velocity). Let P-u =0, P> = —1 andu? < ¢?. Then, andonly
then,3! body Q = byP = y(¢ + P) moving with a velocityu relative to P. The space-like

relative velocityu is said to bebinary, & = @ = % —P. Corollary: y, = —Q-P.
Binary velocity is not reciprocal,
o (P,K) K o (K,P)
= —P - . 4.1
c —P-K 7 c (4.1)
Therefore binary velocity can not parameterize the isometry, where
{B(v)}71=B(-v) €0(1,3). (4.2)

Clearly (byP)2 = P2 = —1. Above Axiom implies thatQ-u = y, — y—lu This Axiom
motivates the following two diagrammatical rules for outgoing and ingoing arrows/velocities,

p Y., ‘out’ifand only if P-u=0, (4.3)

.Y, Cinifand onlyif Q-u:yu—y_luzﬁ%. (4.4)

A body Q can possess an ingoing velocityif and only if Q-u =y, — y—lu Then, and only

then, the unique laboratoR/= (b, ) 1Q = % — U, exists, such that a body is moving with a
velocity u relativeto P.

In contrast to the Lorentz boo$,,, (3.3), whose domain is the entir&-module
der.7, the domain of thimewcategorical boodt, is not-linear two-dimensional sub-manifold
of time-like normalized massive bodies that actually can measure the given space-like velocity
uev,

. dim;
domainBp,, } = der7 — 4,

. dim
domain{b,} = {X € der.Z|X? = —1,X -u =0} 7, 2

The exterior-observer-independent categorical bbasincide with the LorentP-boost
Bp (3.3) when acting on preferred observer only

BpgQ=1(u+Q), iff Q=P

4BpgQ  HfQzp Y

Qu=Pu=0 = DbQ= {

An observer-independent bodst is notg-isometry. LetQ? =R?= -1, Q-u=R-u=0,
andy? = —Q-R Then(b,Q) - (byR) — Q-R= —(y3 — 1)(¥ — 1). The observer-independent
categorical boodt,, is said also to be Lorentz-group-free.

The relativity theory with non-isometric boostb, }, do not violate the Lorentz invari-
ance or Lorentz covariance. The concept of Lorentz invariance is not applicable.



Figure 2. Three body{P,K,L}, in relative motions
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5. Associative addition of velocities

Consider a system of three bodeK andL, Figure 2. A bodyL is moving with a velocity
relative to a bodyK, andK is moving with a velocityu relative to an observd?. What is the
velocity of L relative toP?

We abbreviate ‘the Lorentz-group-free addition of velocities’ (which appears to be asso-
ciative) too-addition. One way to introduce-addition is to consider the Lorentz-group-free
boostb as an isomorphism from the composition of velocities-morphisms to composition of
boosts/maps,

O(3,1) Z byu=byoby whereas BP/\w#BP/\UOBP/\V €0(3,1), (5.1)
Pu=0 = buP =1 (u+P),
P-.u=0, (b,P)-v=0 = by(buP)=%(V+ru+nP),
P-(vou)=0 = bvouP = %ou(Vou+P),

(V+pu+nP)—P (5.2)

—  VopU= %

vou

The scalar product of the vectBiwith formula (5.2), and jointly with Lemma 5.3 below,
gives

V-u v-ut
Wou = K <'}’u+?>:7v'}’u (1— 2 ) (5.3)
=1 = va@éc=voc=c and (caVv)’>=(cov)®=1 (5.4)

Note that the space-like vectors possess the Euclidean angle if and only if they have the same
time-like source. For example, see Figurdds the source fov andu™!, K-v=0=K.u™1.
In Figure 2 and in Table ®-v= —v-u=y,v-u~!, see Lemma 5.3 below.

For comparison the second line in Table 3 is again non-associataddition (1.5),
which can be presented in the form analogous to (5.2),

u
KauVOU = VVV+(7v@u+'}’v)%~ (5.5)

5.1 Warning. Reader must not misleads by short notation in Tables 3-4. In the first row for
associativeo-addition, all relative velocities are binanye.v = @(K,L) andu = @(P,K), as
is exactly shown on Figure 2. Contrary to this, in the second row for the non-assogiative
addition, the same letters,andv, denotes the isometric ternary relative velocities,there
u=u(SPK) andv = v(SK,L), where the preferred exterior time-like obser&can be
chosen arbitrarily, and this exterior obsen&is not shown on Figures 1-2. The isometric



Table 3. The associative-addition versus not associative-addition. The addition of orthogonal
relative velocitiesy - u—! = 0, looks ‘the same’ for binary and ternary relative velocities.

Binary velocities

P.u=0, K-v=0, u?l#-u vi#-v —

-1
(1—%_1)VOU = u+1 + YU p
T C
Reciprocal ternary velocities
P.u=0, Pv=0 ul=-u vi=-v =
- v (vuh) x
1-YU ) vdou = Ut —— u
=" )ver N ¢ (w+d)

ternary relative velocity (parameterizing the Lorentz boost) looks like the kind of ‘subtraction’
of binary velocities,

USPK) _ S (P+K)I{(S-Ka(SK)-(S-P)a(SP)}

c B (S'P)2+(S'K)2-1-P-K ’ (5:6)
—K-P=(S-K)(S-P) {1— GT(SK)C'ZCU(S P) }, (5.7)
2
(SAPAK)2 = (S-P)2+(S-K)2—1— (S P)Z(S-K)Z{l— (w(SK)f@P)) } (5.8)
Proof. The last identity, (5.8), follows from the following determinant,

P2 P.R P-S
(PARAS?=det|R-P R R-S
SP SR &

= P’R’$ 4+ 2(P-R)(R-S)(S-P) - $(P-R?>—P*(R-92—Ré(P-92. [

The expression for non-associatigeaddition is independent of the choice of the ex-
terior observelS, the same formula holds if instead Bf u = 0= P-v, we will assume that
S-u=0=S.v, for completely arbitrary exterior observ8r Even if we made the particular
choiceS= P, as was done in the second rows in Tables 3-4, this does not means that the let-
teru in the first row and in the second row denotes exactly the same physical relative velocity,
because the inverse is different. The binary velogilly the first row of Tables 3-4 isot skew-
symmetric function of his arguments= @ (P,K) # —@ (K, P). Whereas the ternary isometric
velocity in the second row means always the reciprocal velagiy,P, K) = —u(SK,P), and
this must hold also fo6= P, u(P,P,K) = —u(P,K,P). Therefore conceptually, the Einstein’s
relative velocity parameterizing the isometric Lorentz boost is not the same as the binary rela-
tive velocity-morphismu(P,P,K) # @ (P, K), even if numerically these expressions sometimes
coincide.

All this means that the notation for the Heaviside-FitzGerald-Lorentz scalar fagtor,
must not be identified in both rows in Tables 3-4. In the first rgyvss —P- K, whereas in the
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second rows this factor depends also on exterior obs&ver

(S-P)?+(S-K)2—-P-K—1
Yternary = 2(S'P)(S'K)+P-K+1 # _P'KZYbinary

(5.9)

Elsewhere we proved Theorem: the magnitudes of the binary and ternary relative velocities
coincide,y(binary) = y(ternary), if and only if (SAPAK)? = 0.

The associative-addition of relative binary velocities appears in Theéiw[erk 1988].
Matolcsi [1993,84.3], and Bini et al. [1995], derived the addition of relative binary veloc-
ities without observing the associativity, and without comparing with addition of Einstein’s
ternary reciprocal velocities (1.4)-(1.5). The Matolcsi’s form need the following substitution
into expression for the compositiar, U,

2 -1

u u

——P = u+—. (5.10)

c T
5.2 Proposition (Inverse velocity).A category of massive bodies is a groupoid category and
therefore every body has his own separate zero velocity, ardv—! ‘do not commute’,

—1 -1
Oopserved™ VOV 7 V7oV =0pcerver

The o-inverse of the binary relative velocity depends on the choice of the internal ob-
serverv—! =v~1(v,P), and possess the following properties:
-1 -1 -1 v
Vi =-Bpyv = [V =] Vv 'V:_\/ﬁ’ (5.11)
—(v)* for |v|<<1,

(5.12)
— 2y for |v|—1

(V+vHZ=—2(x+1) (1— %)2 = {

Proof. Matolcsi observed the equality * = {v(K,L)} "t =v(L,K) = =By, V(K,L), where

the particular Lorentz boost is parameterized in terms of the itdtiaind the finalL, time-like
vectors only [Matolcsi 1993 1.3.7, 1.3.8, 4.2.3; 2001 page 91]. See also [Bini, Carini and
Jantzen 1995 formula (2.3)]. It was first admitted by Fahnline [1982, formulas (15)-(16)-(18)]
that such ‘binary’ boostB, ,, , is not unique. The most general ternary boost as the complete
solution of the Lorentz-boost-problem was given in [Oziewicz 2005, unpublished]. We have

1
KAL=KAV, and v_lz—BKAVv=—yv—c(y—)—/)K. 0 (5.13)

5.3 Lemma (Scalar identity for three-body-system).Consider three-body-systemHigure
2, with binary relative velocities. Them; u = —y, v-u~t. Hence oy = %% (1l—v-u™1).

Proof. By Proposition 5.2y~ = —Bp,; u. Definition (3.2) or (5.13), gives

-1
BpgU = WU+ CYS P. (5.14)
T
Moreover,y - K =0, imply that,v-P = —v-u. All together leads toy-u=1 = —2 v.u. Il

T
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6. Three body system: collinear motion without Lorentz transformations

6.1 Lemma (Three body system)Consider three body massive systdtigure 2 with bi-
nary relative velocities only (no exterior observer). One can verify the following circularly-
permuted identities,

UAV LA (Vou) = ulAvA(vou) L
uAv IA(vou)™t = ulAva(vou), (6.1)
You S(VOU)AUAV = (v-ul)  PAKAL,
% ivA(vou)aul = ( (vou))  PAKAL,
W fuAviA(vou) = (vl (vou)™) PAKAL. (6.2)

6.2 Definition (Collinear motion for binary velocities-morphisms). A massive three body
system{P, K, L}, Figure 2, is said to be in collinear motion if and onlyPfA K AL = 0.

The above Definition need no choice of the exterior preferred observer.

The above Definition 6.2 has the following motivation. To be the true three body system
we must assume thBRIA K # 0, K AL # 0 andL AP # 0. We must treat every massive body on
Figure 2, with binary relative velocities only (no exterior observer), on equal footing. A priori
collinearity seen by each body separately amounts to different condition.

Seen byP: the motion is collinear if and only iy A (vou) = 0.

Seen byK : the motion is collinear if and only if the relative velocityand inversei~! seen
by K, are collineary Au=1 = 0.

Seen byl : the motion is collinear if and only iy 1 A (vou)~1 =0.

Lemma 6.1 tells thaall three the above conditions jointly imply necessarily the vanishing of
the tri-vectorP AK AL = 0. One can ask: does exists the collinear motionFarK AL # 0
? Supposing tha® A K AL # 0 and the collinear motion as seen by any one of these bodies
separately, we will arrive to contradiction that at least one of the bi-vedtBrs K,K AL,L A
P}, must vanish. Therefore the Definition 6.2 is the only possibility.

Conversely Definition 6.2 imply the collinear motion for each observer separately.
Namely

PAKAL=0 = (pP—-1)L= Y

P+yv<y2 1-@¥ “_1)K 6.3)

— VAU 1:O, etc. (6.4)

For the case of non-collinear motion, the composed velagity, needs to be the linear
combination ofthreebinary velocitiesy, v and inversai—! [Swierk 1988, Matolcsi 1993]. In
the case of the collinear motion, the composed velocityr, must be linear combination of
two velocities,{u,v} or {u,v=1} or {v,u=1}, only. For example, for some scalaessandb,
Vou = au+ bv. HoweverP-v = y,v-u~t # 0, andb = 0. Thereforevou = au, and

UA(Vou)=0 <= c*(—1)vou = %(u-(vou))u. (6.5)

11



This addition of collineaibinary velocities (6.5) looks different from addition of collinear
ternaryvelocities (1.4) [Einstein 1905],

uAv=>0 — VU = —Vvu- (66)

One can arrive to explicit form of addition using identity (1.1) ot - (v Au~1), with
substitution (5.10),

V-ou~ v-ul 4 (vAaut
(y&—l)(l— 2 )VOU:(}/S—].—’)/S 2 )u—yuu 1-%, (6.7)
.u-l 2 _ 2 _
vul_ VOEDOESD ¢ bk then voO,—v—0ov.  (68)

c? W

In particular for collinear binary velocitiesA u—! = 0, the last term in (6.7) vanishes, and we
have

lim (vou)=u. (6.9)

TW——

Table 4. The associative-addition versus not associatigeaddition. The addition of collinear relative
velocities,v A u~! = 0, looks different for binary versus ternary relative velocities.

Binary velocities

Pu=0 K.v=0, ul#—-u vi£t-v =
B-1)(1-2% Jvou = {R(1-2%")-1}u—yut L5

Reciprocal ternary velocities

P.u=0, P.v=0 ul=—-u vi=—v =

1 -1
(1—V“C12)v69u = u+vVv + yuyj‘rlu—1~(‘mc”2)

The two versions of the law of addition, Table 3 and Table 4, are related by the identity
(2.2)-(1.3).

7. Aberration of light
Abberation of light in terms of the Lorentz transformation was considered among other by
Jackson [1962, 197811.3d]. Gjurchinovski [2006] derived the same aberration as Jackson

with ‘no use of Lorentz transformation’, however using the Lorentz contraction, that is equiv-
alent to the Lorentz transformation.
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Abberation of light in terms of the binary not reciprocal relative velocity was considered
by Matolcsi [1993§4.7]. Let in Figure 2 be light-like,L2 = 0. The space-like light velocity
relative to observel is

__ L o _ (%’)2:1- (7.1)

Therefore the magnitude of the light speed is observer-independent, for every non-inertial
observer.
The most of textbooks teach that ‘all inertial observers measure the same speed of light’,
cf. also with [Matolcsi 199334.7.2; Dvoeglazov & Quintanar Goalez 2006, Conclusions].
Such statement could suggest that non-inertial observers would measure observer-dependent
speed of light. Corrolary 7.1 is stronger: categorical relativity predict that speed of light is in-
dependent adirbitrary observer, includingll non-inertial, rotating and accelerating observers.
The direction of the light propagation is observer-dependent,
L ck L
coe T 7 Tk (7.2)

What are the angles between the direction of the light propagation and the rdlgtary
velocity as measured by these two massive bodiasdK ?

o 1L-K V72—1
2 - L-P+1_(COSP) 7
C-ut 1L-P y2—1
Cgeuty o geeuy 1 WP
(1 > )(1 : )_ 2=l (7.4)
lul{1+ (cosP)(cosK)} = c{(cosP) + (cosK)}. (7.5)

Therefore, ifc,-u =0, i.e.cosP = 0, then coK = ‘%' For Matolcsi’'s expression, [Ma-
tolcsi 199334.7.3], one needs the substitution, ®s— — cosK, why?

The aberration for ternary isometric reciprocal relative veloaity u(S P,K), was de-
rived by Jackson [1962, 1975], and by Gjurchinovski [2006].
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